p-ADIC MODULAR FORMS OF NON-INTEGRAL WEIGHT OVER SHIMURA 

CURVES 



RICCARDO BRASCA 

Abstract. In this work, we set up a theory of p-adic modular forms over Shimura curves over 
totally real fields which allows us to consider also non-integral weights. In particular, we define an 
analogue of the sheaves of fe-th invariant differentials over the Shimura curves we are interested 
in, for any p-adic character. In this way, we are able to introduce the notion of overconvergent 
modular form of any p-adic weight. Moreover, our sheaves can be put in p-adic families over a 
suitable rigid-analytic space, that parametrizes the weights. Finally, we define Hecke operators, 
including the U operator, that acts compactly on the space of overconvergent modular forms. We 
also construct the eigencurve. 



Introduction 

Let p be a prime and let N > 4 be a fixed positive integer, with (p, N) = 1. Let R be a separated 
and complete Z p -algebra. The first precise definition of the concept of p-adic modular form, of level 
N, weight k G Z, with coefficients in R, was given by Serre in [Ser73j . He identified a modular form 
with its g-expansion, and he defined a p-adic modular form as a power series / £ R[[q]] such that 
there exists a sequence of classical modular forms {/„} that converges p-adically to /. It turns out 
that such an / has not always an integral weight, in the sense that {fc„}, the sequence of weights 
of {/«}, is not eventually constant. To solve this problem, Serre identified an integer k with the 
map Z* — > Z* that sends t to t k . He then showed that the map x(t) = h m u t kn is well defined and 
moreover \ : Z* — > Z* is a continuous character. This suggests that the weight of a p-adic modular 
form should be a continuous character Z* — > It* Serre also introduced the notion of an analytic 
p-adic family of modular forms, parametrized by the weight, and showed that the mere existence 
of the family of the p-adic Eisenstein series implies the analyticity of the p-adic zeta function. To 
work with families, it is therefore convenient to introduce the weight space W. It is a rigid analytic 
space over Q p such that its if-points, for any finite extension K / Q p , are the continuous characters 

z; -> k*. 

Let Y\{N) be the modular curve of level N, over Q p (Ti (iV)-level structure). Let X\(N) be 
the compactification of Yi(N), we have a universal semi-abelian scheme ir: A — >• Xi(N). Let 
lu = ui Xl (N) be the sheaf b*Q,\i x / N \, where e: X%(N) — > A is the zero section. Classically, a 
modular form of level N and weight k is defined as a global section of In Kat73 , Katz 

gave a geometric interpretation of the notion of a p-adic modular form of integral weight (at least 
in the case p > 3, see |Kat731 Section 2.1] for what can be done in the case p = 2,3). For any 
rational number < w < 1, let Xi(N)(w) a,n be the affinoid subdomain of the analytification of 
Xi(N) defined in Col 97aj . relative to the Eisenstein series E p _i. We think about Xi(N)(w) an as 
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the subset of Xi(N) an where E p _\ has valuation smaller than or equal to w. The complement of 
Xi(iV)(0) an is a finite union of discs, called the supersingular discs. Katz introduced the notion of 
p-adic modular form of level N, weight k, and growth condition w. it is a global section of ai® k 
on Xi(N)(w) a ' n . A modular form of growth condition is called a convergent modular form, and 
one of growth condition w > is called an overconvergent modular form. Katz defined also the 
usual Hecke operators acting on the space of p-adic modular forms, including the U operator, the 
analogue of the classical U p operator of Atkin. Finally, Katz showed that his definition of a p-adic 
modular form generalizes Serre's. In particular, if / is a p-adic modular form in the sense of Serre, 
of integral weight k, then / can be identified with a convergent p-adic modular form, and conversely. 

Let K be a finite extension of <Q p . In |Ser62| . Serre developed Riesz theory for completely 
continuous endomorphisms of orthonormizable Banach modules over K. An example of such a 
Banach module is provided by the space of p-adic modular forms over K, of growth condition w 
and weight any Z* — >■ K*. It is a key fact that, if we consider only modular forms with growth 
condition w > 0, the U operator is completely continuous, so we have a good Riesz theory for it. 
In |Col97bj . Coleman developed Riesz theory for a completely continuous operator on a family of 
orthonormizable Banach modules, generalizing Serre's work. In our work we will need a further 
generalization of Riesz theory. In |Buz07] , Buzzard showed that the results of Coleman remain true 
also for Banach modules that are direct summand of an orthonormizable Banach module. 

In |Col97bj , Coleman was able to prove the following theorem, that generalizes [Hid86j and holds 
for any p. 

Theorem. Let f be an overconvergent modular form of weight k > 2 that is an eigenform for the 
full Hecke algebra and let a p be the U -eigenvalue. Ifv(a p ) < k — 1, then f is classical. Furthermore, 
any such modular form lies in a p-adic family of eigenforms over the weight space. 

The first step needed to obtain Coleman's theorem is to define the notion of overconvergent 
modular form of any weight. A natural approach is to generalize the sheaves w® /c , obtaining the 
sheaves uj^ x on X%(w), for any w sufficiently small and any p-adic weight x- However, Coleman's 
approach is completely different. He made a heavy use of the Eisenstein series, in this way he 
was able to define, and study, the notion of overconvergent modular form of weight \ through its 
q-expansion. In particular, Coleman did not define the sheaf uJ® x . 

In [AlSllj . Andreatta, Iovita, and Stevens proposed a geometric approach to this problem, 
as follows. Let — > K* be a continuous character, where if is a finite extension of Q p 
satisfying certain conditions. Then there is a rational number w > and a locally free sheaf on 
X 1 (N)(w) an , such that its global sections correspond naturally to p-adic modular forms of weight 
X and growth condition w, with coefficients in K, as defined by Coleman. Furthermore we have 
Hecke operators and these sheaves can be put in p-adic families over the weight space. The same 
problem is addressed also in |Pil09| , where slightly different techniques are used, mainly from Hida 
theory. 

It is natural to try to develop a similar theory for automorphic forms associated to algebraic 
groups different from GL 2 /q. In this work we study the case of modular forms over certain quater- 
nionic Shimura curves defined starting from a totally real field F. These modular forms are related, 
via the Jacquet-Langlands correspondence, to Hilbert modular forms for F, see the introduction 
of |Kas04j . The notion of p-adic modular form in this context was introduced by Kassaei. The 
definition is similar to Katz', in particular Kassaei considered only integral weight. The goal of this 
work is to give a geometric definition of quatcrnionic modular forms of any weight and to prove 
that these modular forms can be put in families. 
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Our base ring is Op, the completion of Op at a prime above p. All our objects will be endowed 
with a natural action of O-p. The space of locally analytic character Oj, — > C* has the structure of a 
rigid analytic variety W, called the weight space. We fix K, a finite extension of Frac(O-p) satisfying 
certain technical conditions. Besides the definition of the space of overconvergent modular forms of 
any weight, our main result is the following (Theorem 17. 13|) . 

Theorem. There is a rigid space C C W x A^" s , called the eigencurve, such that its L -points, 
where L is a finite extension of K, correspond naturally to systems of eigenvalues of overconvergent 
modular forms defined over L. If x € C(L), let M. x be the set of overconvergent modular forms 
corresponding to x. Then all the elements of M. x have weight "K\(x) € W(L) and the U -operator 
acts on A4 X with eigenvalue ^(x) -1 . 

In Section [TJ we define the basic objects of our study, this is due to Carayol in Car86 . Let 
p 2 denote a fixed rational prime. Let F be a totally real field, with [F : Q] > 1, and let B 
be a quaternion algebra over F that splits at exactly one infinite place of F and at V , a prime 
of F above p. Attached to these data, there is an inverse system of PEL Shimura curves {Mr}, 
parametrized by compact open subgroups of G(A^), where G is a reductive algebraic group over Q, 
defined using B. With some assumptions on K, we give a precise description of the moduli problem 
that is solved by Mk over F-p, the completion of F at V , and over O-p := Of v - The residue field 
of O-p is denoted with k, and we write q for |k|. 

Section [2] is essentially due to Kassaei. We recall the definition of the analogue of the Hasse 
invariant in our situation. In this way, we are able to define the space of p-adic modular forms of 
level K{H) (an analogue of level N), weight and growth condition < w < 1. In Section[31 

we recall the theory of the canonical subgroup, as developed in |Kas04j . and we consider modular 
forms of higher levels. We can decompose the ^"-torsion of the objects of our moduli problems, 
that are abelian schemes, to define a p-divisible group of dimension 1. In [Kas04 , this p-divisible 
group is used to define the canonical subgroup. In order to obtain the results we want, we need 
a generalization of the theory of p-divisible group: the theory of tn-divisible group, where vo is a 
uniformizer of O-p. We recall what we need about nj-divisible groups and we study the ro-divisible 
group attached to our abelian scheme. Using the canonical subgroup, we are able to show that 
there is a modular form of level K{Hw) (an analogue of level Np), called E\, that is a canonical 
q — 1-th root of Eg-i. This is a new result and it will be essential for our theory. We also obtain 
some very explicit results about the canonical subgroup, generalizing some results of |Col05] . 

Section E] contains the most important technical results of the paper. First of all we show that 
the trivial analogues of the results of [AISll) are false in our situation. To be more precise, let 
A be an object of our moduli problem, of level K(Hw). We have the canonical subgroup C of 
A[p\. In [AISll , it is shown that we have a canonical point 7' of C D (Cartier dual). One of 
the most important technical results of [AlSllj is that the image of 7' under the map dlog is 
congruent, modulo p 1 ~ w /^ 1 \ to E%. Also in our situation we have the canonical point 7', but, 
by Proposition 14. 1[ we have dlog(7') = if O-p is sufficiently ramified. This show that we need a 
different approach. The deep reason for this problem is that all the objects we are interested in are 
endowed with an action of O-p, and we really need to take this action into account. For example, 
Cartier duality does not work, since (G m does not have a natural action of Op. What we need is the 
theory of group schemes with strict O-p -action as developed by Faltings in [Fal02] . Thanks to this 
theory, we are able to study the ro-divisible groups attached to our abelian schemes, and we obtain 
the correct analogue of the conclusions of jAISllj . In the case O-p = Z p , we obtain the results of 
|AIS11| Sections 2 and 5]. 
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Having the results of Section 21 Section [5] is similar to [AlSllj . We prove that the homology of 
the so called Hodge- Tate sequence is killed by a certain power of w. This links the Tate module 
of our abelian schemes to the invariant differentials in a very precise way. Since an elliptic curve 
admits a canonical principal polarization, all the objects studied in |AISllj are self-dual. This is 
not the case in our situation, in particular we need Proposition [5TTJ This lack of self duality makes 
some of the arguments of Section @] more delicate than those in [AIS11] . 

Section[6]is the heart of the paper. We prove that we can generalize the definition of the sheaves 
to any locally analytic character \ : O'^, —> K* . For any fixed x, there is a rational w > 
and a locally free sheaf fig on 9Jt(i/)(w) rlg (this curve is the analogue of Xi(N)(w) an ), such that 
= ^ k ^ x(t) — t k - in this wa Y we are able to define the space of quaternionic modular forms 
of weight x- In order to define the sheaves fig,, we need to consider the curves 9Jt(-ffn7 n )(u;) rlg 
(analogous of those of level Np n ), where n depends on x- We start by defining a sheaf fig on 
93t(-ffTZ7™)(u>) rlg . We then show that we have an analogue of the usual diamond operators acting 
on the push- forward of fig to 9Jt(i/)(u>) rlg . Taking invariants with respect to these operators, we 
obtain the sheaf fig. We then consider analytic families. We have an admissible covering {WV} 
of W, made by affinoids. To show that our definition of the sheaves fig makes sense, we prove 
that the Sl^j 's live in families. More precisely, we prove that there are locally free sheaves Vl w , r on 
W r x 9Jt(iJ)(u;)" g , such that fig is the pullback of Q Wyr at the point defined by x- Furthermore, 
the fi^r's satisfy various compatibility conditions. This shows that our sheaves really 'interpolate' 
the sheaves uj_® k , for various k. 

In Section [7] we introduce the Hecke operators U and T£. These are analogous to the classical 
U and T; operators. We show that the space of modular forms of weight x with coefficients in 
K is a Banach i^T-module, and that the U operator is completely continuous when restricted to 
overconvergent modular forms. We also construct families of the Hecke operators. We prove that a 
modular form that is an eigenvector for the U operator (with finite slope) lives in a p-adic analytic 
family of eigenforms. This gives the analogue of the above theorem of Coleman. The main technical 
results are the following theorems. 

Theorem. Let x '■ C£> — K* be a locally analytic character and assume that w is small enough. 
Then we have an invertible sheaf fiig on DJl(H)(wY^' and a completely continuous operator U 
on the global sections o/fig. If x(t) = t k > then there is a XJ-equivariant isomorphism between 
H°(il*, 97l(-ff)(ui)^- s ) and the space of modular forms of growth condition w as defined in |Kas04] . 

Theorem. Let r > be an integer. For any small enough w, we have an invertible sheaf Q Wjr on 
W r x m(H)(w)% s such that its pullback to M(H)(w)% g at any X € W r (K) is fig. We have Hecke 
operators on Q W}T . Furthermore, U -eigenforms of finite slope can be deformed. 

As in the classical case, we plan to give a cohomological interpretation of our modular forms. 
This should allow us to use the powerful language of modular symbols, as for example in |Bel09j . 
We finally hope that our approach to define p-adic families of overconvergent modular forms can 
also be used for algebraic groups different from G. 
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Some of the basic ideas of this work are taken from [AIS11 . I thank Professors Fabrizio An- 
dreatta, Adrian Iovita, and Glenn Stevens for giving me the possibility to read their manuscript. 
Some of the basic ideas of this work are completely due to them. 

1. Shimura curves and MODULAR FORMS 

In this section we present the basic objects of our work and fix the notations, we will closely 
follow the presentation given in |Kas04j . see |Car86j for details. 

Let p ^= 2 be a prime number, fixed from now on. We fix F, a totally real field of degree N > 1 
over Q. We denote with t%,. . .,tn the various embeddings of F in It and with V%, . . . , V m the 
prime ideals of Of above p. The completion of F at Vi will be denoted with Fp ( . We set V :=Vi, 
t := Ti, and d := [Fp : Q p ]. We write Op for Of v - Its ramification degree will be denoted with e 
and its residue degree with /. We fix w, a uniformizer of O-p, and we write k for the residue field 
Op/wOp. We write v(-) for the valuation of Fp, normalized by v(va) = 1, and we choose | ■ |, an 
absolute value on Fp compatible with v. We will write [•] : k* —> Op for the Teichmuller character, 
and we set [0] = 0. We fix Fp, an algebraic closure of Fp, and we denote with C p its completion. 
We will use subscripts to denote base change over some base object, that will be clear from the 
context. 

Let B be a quaternion algebra over F. We assume that B is split at r and at V and that it 
is ramified at ti,... ,Tjv. Let A < be a rational number such that Q(v / A) splits at p and let 
E := F(y/~X). We embed E in the field of complex numbers via r: E — > C, where, if x,y G F, 
t(x + VXy) = t(x) + v / Ar(y). We choose /i€Q p such that [i 2 = A. We have 

(1) E ®q Q p ^> (F Vl x • • • x F Vm ) x {F Vl x ■ ■ ■ x F Vm ). 

Composing twice the natural map E — > E (E>q Q p with the projection on the first factor, we get a 
map E —> Fp. We use this morphism to define a structure of E- algebra on Fp. 

Let z i — y z be the non trivial element of Ga\(E / F) . On D := B <Eip E, we define an involution 
7 , that sends b®p z to 5' ®p z, where •': B —> B is the canonical involution of B. The underlying 
Q-vector space of D will be denoted with V. We let D act on the left on V, by multiplication. We 
choose S G D such that 6 = 5, and we define an involution •* : D —> D by I* — S^ 1 ^. We now take 
a G E such that a = — a, and we define the symplectic bilinear form 

e-.vxv^q 

(v,w) i y Q(v,w) = Tr E/ q(aTr D/E (vSw*)) 

Let Ob be a maximal order of B. We fix an isomorphism Ob <8>e> F Op = M.2(Op). The maximal 
order of D corresponding to Ob will be denoted with Od, or with Vz if we want to see it as a 
lattice in V . The isomorphism in (TT|) implies that we have the following isomorphisms 

O d ®z Z p = O d i x ■ • • x O d i x D 2 x • • • D 2 

(2) n n 1 n m n 1 n m 

D®®q p = D\ x ••• x Dl x D\ x ••• Dl 

We choose Od, ct, and S in such a way that the following conditions are satisfied: 

• Od is stable under 1 1-> I*; 

• D k is a maximal order in and O d \ is identified with yi^iOp); 

• 9 takes integer values on Vz and it induces a perfect pairing on V% := V% <8>z Z p . 
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Let C be a pseudo-abelian category. If X is an object of C with an action of On ©z the 
isomorphism in ([2]) induces a decomposition in C 

x = x\ © • • • © x Y m © x x 2 © • • • x^, 

where each Xj has an action of D k . Using the idempotents ^ J ^ and ^ ^ ^ of 0^,2 = 

M 2 (C-p), we obtain a further decomposition Xj 2 = Xj** 1 © X 2 ' 2 . Note that X^* 1 and X 2 ' 2 arc 
isomorphic. This notation will be used throughout the paper. 

Let G be the reductive algebraic group over Q such that, for any Q-algebra R, 

G(R) = {D-linear symplectic similitudes of (V ©q R, 8 ©q R)} . 

We write A-* for the ring of finite adele Q. We have 

G{A f ) S q* p xGL 2 {F v ) x {B® F F V2 y x ••• x {B® F F Vm )* x G(A^ P ), 

where A^ ,p is the restricted product of the Q ; 's (I prime) , with Z 7^ p. We will simply write T for 
(_B © p F-p 2 )* X ■ ■ ■ X (B <2) F F-p m )* x G(A^ P ). For the rest of the paper, we assume that K is a 
compact open subgroup of G(Af) of the form 

K = Z* x]C P x F, 

where Kp and -ff are compact open subgroups of GL2(-Fp) and of T. 

We write S for the Weil restriction Res,c /n.(G mi c)- There is a morphism h: S — > Gr such that 
X, the G(]R)-conjugacy class of h, can be identified with H, the Poincare half plane. For K as 
above, we have the Riemann surface 

M K (C) := G(Q)\(G(A- f ) x X)/K. 

It can be proved that M^-(C) admits a canonical smooth and proper model over E, denoted Mk- 
Its base change to F-p, denoted again with Mk, is the Shimura curve we are interested in. 

From now on, we assume that K is small enough to keep the lattice Vg := V% ©z Z C 
V ©q A^ invariant. With this assumption, Mk is a fine moduli space, it represents the functor 
(.F-p-algebras) op — > set that sends R, an f-p-algebra, to the set of isomorphism classes of quadruples 
(A, i, 9, a), where 

(1) A is an abelian scheme over R of relative dimension 4JV, with an action of On via i : Od — > 
Endij(A) that satisfies: 

(a) the projective i?-module Lie(A) 1 ' has rank 1 and Op acts on it via the natural mor- 
phism Op — > R; 

(b) for j > 2, we have Ue(A) 2 = 0; 

(2) 9 is a polarization, of degree prime to p, such that the corresponding Rosati involution 
sends to «(/*); 

(3) a is a if- level structure, i.e. a class modulo X of a symplectic Op-linear isomorphism 
a: T(A) Vg (locally in the etale topology). 

Here T(A) is the product of the Tate modules Ti(A) (I prime), where each Ti(A) = lim A[l n ] 
is considered as an etale sheaf. Its symplectic form comes from the Weil pairing composed with 
9. Note that Lie(A) 1 - makes sense. We have that 9 induces an isomorphism —t (A[p"]p D 

(Cartier dual) and that A\p n ] 2 is etale for j > 2. We write A[vz n ] 2 ' k for the n7 ,l -torsion of Alp 11 } 2 ' 1 , 
and we set A[m n ]\ := Aim 71 } 2 / © A[w n f{ 2 . 
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In the case K-p has some specific form, we can interpret the existence of a K-level structure in a 
more explicit way. We write TP (A) for JJ^ Ti(A) and Z p for JJ^ Zj. We denote T P (A)% © • • • © 

T p (A) 2 m with T%{A) and (V Zp )l © • • • © (VfeJ^ with WjT- Let ^ P be ®z '■ We define 

:= GL 2 (Op), 

K(H,zu n ) '■={(* b d J G GL 2 (Op) s.t. cEOmodn' 



and 

a 6 



c 



K(Hvu n ) := <{ ( " " ) £ GL 2 (Op) s.t. a e 1 mod ro n and c e mod w' 



In the case if-p = K(H), a choice of a level structure is equivalent to a choice of a v , where: 

(1) a v is a class, modulo H, of a p = © a p , where ap : Tp(A) —t is linear and 
a p. TP (A) ^ W p is symplectic. 
If K-p = K(H, w n ), a choice of a level structure is equivalent to a choice of (C, a v ), where: 

(1) C is a finite and flat subgroup scheme of rank q n of ^[nj"]^' 1 , stable under Op; 

(2) a v is as above. 

In the case K-p = K(Hw n ), a choice of a level structure is equivalent to a choice of (Q, a v ), where: 

(1) Q is a point of exact Op-order vo n in ^.[tu™]^' 1 ; 

(2) a v is as above. 

In these cases, the curves Mk will be denoted with M(H), M{H,w n ), and M(Hw n ). They admit 
canonical proper models over Op, denoted ftA(H), M.{H ,w n ), and M.{Hvj n ). In [Car86 it is 
proved that A4(H) is smooth over Op, while the other two curves have semistable reduction. 

The curves A4(H), M.{H,w n ), and Ai(Hw n ) solve the same moduli problems as the curves 
M(H), M(H,m n ), and M(Hm n ) do, but now for Op-algebras. The level structure has the same 
description as above, but now Q is a point of exact Op-order w 11 in the sense of Drinfel'd. We have 
several morphisms between these curves, given by the natural transformations of functors. 

The universal objects of the moduli problems of the curves M(H), M(H,zu n ), and M(Hm n ) 
will be denoted with A(H), A(H,w n ), and A(Hw n ). They admit the canonical integral models 
A{H), A{H,m n ), and A(Hw n ). The morphism A(H) -> M{H) will be denoted with tt, and its 
zero section with e, we use the same symbols for the other curves. 

Let us consider the sheaf ^ *^\(h) / m(h) ■ ^ has an ac tion of Or> ®i, Zp, so we can define 

-/vi i •= \" iL A{H)/M{H)) 1 ■ 

The definitions of fiiK(H,-w n ) and ^K(i?ro") are analogous, we usually drop the subscript. By con- 
dition (TTa)) of the moduli problem, we have that a; is a locally free sheaf of rank 1. If R is an 
Op-algebra, the pullback of uj to Spec(i?) will be denoted uj r or uj_a/R> wnere A is the pullback of 
the universal object to Spec(i?). 

Definition 1.1. Let R be an Op-algebra and k an integer. The space of modular forms with respect 
to D, level K(H) and weight k, with coefficients in R, is defined as 

S D {R,K(H),k) :=H°(M(H) R ,uj% k ). 

The definitions of S D {R, K{H,w n ),k) and S D {R, K{Hw n ),k) are similar. 



uj:= u} W (tj\ := {-K^nK 
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2. The Hasse invariant and w-adic modular forms 

Notation. We will use the following notation: objects defined over O-p will be denoted using Italics 
letter, like A. The completion along the subscheme defined by w = will be denoted using the 
corresponding Gothic letter, like 21. 

Let X be any O-p-scheme (or a formal scheme). Recall that a vj -divisible group H — > X is a 
Barsotti-Tate group H over X, together with an embedding Op End(iJ) such that the induced 
action of O-p on Lie(H) is the one given by H — > X — > Spec(O-p). If X is connected, there is a 
unique integer ht(-ff), called the height of H, such that rk(H[vj n }) = q nht ( H ) for all n. Let X be a 
ro-adic formal scheme over Spf(O-p), and let (S — > X be a smooth formal group. We say that & is a 
formal Op-module if we have an action of O-p on (S such that the action of O-p on Lie(©) is given 
by © -> Spf(O-p). 

Given (A,i,9,a), an object of the moduli problem, with A defined over R, we write .Afro 00 ]^' 1 
for lini *4[tt7 n ] 1 ' 1 , this is the w- divisible group associated to A. The height of ^[tu 00 ]^ 1 is 2. Let 2t 
be the w-adic completion of A and let A be the completion of 21 along its zero section. Then A{ X 
is a formal O-p-module of dimension 1. If A^' 1 is a nj-divisible group, its height h is either 1 or 2 
and satisfies q = rk(A{ [vj]). We say that {A, i, 9, a), or simply A, is ordinary if .4-,/ has height 
I. If Af 1 has height 2, we say that (A,i,9,a) is super singular. 

With the above notations, suppose that A^' 1 is coordinatizable. It is proved in |Kas04[ Propo- 
sition 4.3], that we can find a coordinate xr on A^ 1 such that the action of vj has the form 

oo 

\w](x R ) = zux R + a R x q R + y^c J a;^' ? ~ 1)+1 , 

i=2 

where a, Cj are in R and Cj € zui? unless j ' = I mod </. If we assume that w = in R, the various 
a/j glue together to define H, a modular form of level K(H) and weight q — 1, defined over k, that 
is called the Hasse invariant. It W = Spec(i?) is an open afhne of M(H) K and we denote with ui 
the differential dual to the coordinate x R defined above, we have H\\y = a^w® 9-1 . 

We assume q > 3 (but see Remark l2.2j) . so by |Kas04[ Proposition 7.2], the Hasse invariant can 
be lifted to a modular form of level K(H) and weight q — 1, defined over O-p. We choose such 
a lifting, called E q _\. in |Kas04| Corollary 13.2], it is shown that all the theory does not depend 
on this choice. Over Spec(i?), we can write Spcc ( R j = Eui® q ^ 1 , with E e R. By |Kas041 

Proposition 6.2], we have a R = E mod w. 

Proposition 2.1 ((!Kas04j Proposition 6.1])). Let R be a n-algebra and let (A,i,9,a) be an object 
of the moduli problem, with A defined over R and let z be a geometric point o/Spec(i?). Then the 
pullback of H to A4(H) R vanishes at z if and only if the pullback of A to z is super singular. 

We now move on to zn-adic modular form. Let V be a finite extension of Op and let w a rational 
number such that there is an element of V, denoted w w , of valuation w. We define 

M{H){w) v := Spec^^SymO^- 1 )/^! -*,»)). 

Remark 2.2. If q = 2, 3, we can still define DJl(H)(w), that is the w-adic completion of M(H)(w), 
using the notion of 'measure of singularity' introduced in Kas09, Section 2]. Over Spf(i?), we can 
take for E any element of R such that Euj®^ 1 is a generator of w® 9_1 . It follows that all 'local' 
results of the paper, i.e. those that do not involve the existence of E q -\, remain true also if q = 2, 3. 
We leave the details to the interested reader. 
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Definition 2.3. Let V and w as above. The space of w-adic modular forms with respect to D, 
level K(H), weight k and growth condition w, with coefficients in V, is defined as 

S D (V,w,K(H),k) := H°(9JT(iJ)(u;)v,^ fc ). 

Let K be the fraction field of V. The rigidification of the map %Jt(H)(w)v — > %R{H)v is 
the immersion M{H) v s {w) ^ VK{H) V S , where m{H)^ s (w) is the affinoid subdomain of m(H)^ e 
defined by Coleman in Col97a , relative to E q _x, We call 9Jt(H)v (0) rlg the ordinary locus, it is an 
affinoid subdomain of DJl(H)y S : its complement is a finite union of the super singular discs. 

By rigid GAGA, elements of S D (V,K(H),k) K correspond to sections of uP k over M(H) v g , 
while elements of S D (V,w, K(H), k)x correspond to sections over VR(H)v (w) Ils . Elements of 
S D (V,0,K(H),k)K are called convergent modular with coefficients in K, while the elements of 
S D (V,w, K(H), k)x i f° r w > 0, are called overconvergent modular forms. 



3. The canonical subgroup and modular forms of level K(Huj) 

Notation. Let V, K, and w be as above. From now on, we will work over V, so we will consider 
the base change to V, or to K, of the various objects defined so far. For simplicity we will omit the 
subscripts v and k ■ 

From now on we assume that < w < -^L-. By |Kas04[ Theorem 10.1], the g-torsion of any A as 

above admits a canonical subgroup, that we call C. We have that C^' 1 is killed by w. Since Cj' has 
order q, we can use it to define a morphism f)Jt(H)(w) — > 0Jt(H,xu). Its rigidification is a section, 
that is defined over Wl(H)(w) lis , of the morphism m(H, tu) ri s OT(iJ) ri s. We define m(Hm)(wy i s 
as the inverse image of VJl(H)(w) ns with respect to the map Tl(HwY lg -» dK(H,w) vig . It is an 
affinoid subdomain of 9Jl(Hm) Tls with a finite and etale map to 9Jt(iT)(u;) ris . 

We assume that V contains an element, denoted (— nj) 1 ^ 9-1 ), whose q — 1-th power is —vj. Let 
it = Spf (R) be an open affine of Wl(H)(w). We write il rlg = Spm(i?/<) for its rigid analytic fiber. 
Since the morphism < Xfl(Hzu)(wy is — > 9Jl(i/)(ui) ris is finite and etale, the inverse image of il rlg is an 
affinoid, 93 rlg = Spm(S'if ), with Rk — > Sk finite and etale. Let S be the normalization of R in Sk, 
and let QJ be Spf (5). Note that S is ro-adically complete. The various 2J's glue to define a formal 
scheme %R(Hvj)(w), with a morphism to 9Jl(H)(w). We have the following 

Lemma 3.1. The rigid analytic fiber of$Jl(Hm)(w) is 9Jt(_fftu)(w) rlg . Furthermore, the rigidifica- 
tion of9Jl(Hzu){w) -> M(H)(w) is the map M(Hm)(wy is -> 9Jt(ff)(w) rig defined above. 

By definition, SJl(H w) (w) is the normalization of %ft(H)(w) in < XH(Hw)(w) ng , that is a finite 
extension of its generic fiber. 

Proposition 3.2. Let S be a normal and zu-adically complete V -algebra. There is a natural 
bijection between 9Jl(Hw)(w)(S) and the set of isomorphism classes of quintuples (A,i,9,a,Y), 
where: 

• (A, i,6,a) is an object of the moduli problem, with A defined over S, of M(Hm) and the 
canonical S-point of A[w]{ generate, as O-p-module, the canonical subgroup of A[w\; 

• Y is a section o/w® ,~^ q that satisfies YE q -\ — vo w . 

Proof. This is proved in exactly the same way as AlSll, Lemma 3.1]. □ 
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Definition 3.3. Wc define the space of ro-adic modular forms with respect to D, level K(Hzu), 
weight k and growth condition w, with coefficients in V, as 

S D (V, w, K(Hw), k) := YL°{m{Hw)(w),to m ). 

Note that we have S D (V,w, K(Hw), k) K = YL°{m{Hw){w) T ^,uf> k ). We have a natural map 
S D {V,w,K(H),k) -> S D (V,w,K(Hza),k). The image of E q -i will be denoted with the same 
symbol. We fix an open affine Spf(-R) of dJl(H)(w), with associated abelian scheme A. Let x be 
a coordinate on A^' 1 as in Section [3J We write ^g-i i s p f (m = -Sw® 9-1 . Let Spf(5) be the base 
change of Spf(-R) to 9Jl(Hza)(w). We need to briefly recall how C^' 1 is constructed, see |Kas041 
Lemma 10.2] for details. There is b £ R such that E = a + bw and we can write (a + wb)y — m w , 
with y £ R. We set n := —ru/w w £ V and to := rij//(l + ri&y) € i?. We have that C x ' , as 
a scheme, is Spec(i?[[x]]/(x 9 — t ctai x)), where t can = to(l — too). Here t^ is an element of r%R, 
where T2 £ V has positive valuation. Since i can is topologically nilpotent, we have an isomorphism 
C^' 1 = Spec(i?[a;]/(a; 9 — t ceLn x)). It follows that there is r £ R, such that ii->re gives 

Cl' 1 £ Spec^x]/^ 9 + ^x)). 

Proposition 3.4. T/iere is £?i G ^(V, w, K(Hw), 1) suc/i t/mf Sf" 1 = E q -x. 

Proof. By Proposition 13. 2[ the equation x 9_1 + ^ = has a canonical solution a £ S. Consider 

the element iJ 1 /^- 1 ) := G iSrt: it is a canonical q — 1-th root of E in S^, that lies in S 

by normality. For the various R's, these roots glue to define the required modular form. □ 

3.1. Raynaud theory. We will continue to work locally for all this section, using the notations 
introduced above. In this section we find it convenient to denote the Teichmiiller character [•] with 
Xi(-) (see below). 

Let M be the set of multiplicative characters \ '- K * ~^ Cp> extended to the whole n by x(0) = 0. 
Following Raynaud in Ray 74 , we say that x G M is a fundamental character if the map K — > Op — > 
O-p /zuO-p = K is a field homomorphism. If \ satisfies this condition, all fundamental characters are 
of the form z i-> x( z ) p ■ We denote this latter character with Xp i , where iGZ//Z (in |Ray74| , x P * 
is denoted with Xi)- Furthermore we can assume that Xp i+1 = Xpi an( i that xi is the Teichmiiller 
character. Any x G M can be decomposed as x — Uiez // z Xpi > with < rii < p — 1. If x ^ 1, this 
decomposition is unique. In this way we get a bijection between M \ {1} and {1, . . . , q — 1} given 
by X — YiiXpi ^ ^2i n iP l - We write Xi f° r the inverse image of i (this notation is different from 
the one in |Ray74| ). 

We have shown above that C^' 1 is, as a scheme, Spec(i?[x]/(x 9 -|-^x)). Let w and Wi := w Xi be the 
universal constants introduced by Raynaud. By |Ray74| Corollary 1.5.1], there is (7», <5i)tez//z G 
R%/f z SI1 ch that 7^ = w and 

Cl' 1 = Spec( J R[x i ] ieZ//z /(a;f - fe+i)). 

Since the action of O-p on C^' 1 is strict, we have Si £ R* for all i ^ / — 1. We can thus write 

= ■ • • Sq p x[J for all i ^ 0. It follows that we can assume x = xo and — ^ = 5$ ■ ■ ■ 
Furthermore, the action of z G K on i?[x]/(x 9 + ^x) is given by x H ► xi(z)^ and the module of 
invariant differentials of C^' 1 is isomorphic to R/^Rd(x) (see |Far071 Section 1.1.2]). 
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Let hi be the smallest integer, with < hi < /, such that p* * divides i. By Ray 74, Proposi 



tion 1.3.1], there is a unit u £ Op such that w = pu = zu e u. A calculation with |Ray74 Corollary 
1.5.1], gives the following 

Proposition 3.5. The co-multiplication in is given by 

w hi-i 

c(x) = x <g> 1 + 1 (g) x - vj e 1 uE) x'fgirz; 9 \ 

Remark 3.6. Do not confuse our w^s with Raynaud's ones, that are all equal and are denoted with 
w here. Since \p i is a fundamental character for each i, we have w p % = 1 for i = 0,...,/ — 1. 
Suppose that vo — p and / = 1. Let us write w\ for the universal constants used in (Cpl05 . We 

have Wi = (~1)' +1 (p Jij»-i and 

w — (p-i^p-i > so our description of the comultiplication is exactly 
the same as the one given in |Col05j for the canonical subgroup of an elliptic curve. 

We assume for the rest of the section that V contains ( p , a fixed primitive p-th root of unity. 
Since the base change of C^' 1 to Sk is a constant group scheme, with associated abstract group 
k, the Hopf algebra of (Cl ,l )s K is isomorphic to the algebra of Sif-valued functions on k. Let e z , 
for z G k, denote the characteristic function of {z}. We have a natural isomorphism SK[x]/(x q + 
— > ^ zGk Sk£z sending x to J2zen Xi{ z ) a£ z- Here a is the root of — S given in the proof of 
Proposition ^. 41 The Hopf algebra of (C^' 1 )^ is isomorphic to Sjr[/e], the group algebra of k with 
coefficients in Sk- The canonical base of will be denoted {z} 2gtc . Using ( p , we can identify 

F p with /j,p(y). In particular, the trace map Tt K /-p p can be seen as a morphism ^> : k — > fi p (V). We 
obtain a morphism of group schemes (C^' 1 )s K — > fi p . This morphism corresponds to the <SR--point 
of {Cl' 1 )® K given by z 1— > ^(z), and comes from 



77: S K [y]/{y p - 1) -> ^A-e, = SaM/(z 9 + ) 



ZZ7 
E' 



Let e Xi , with < i < q — 1, be X^gk X^M 2 an d let e x 9 -i be ^2 zeK z — gO. We have 

1 9-1 / \ 1 9-1 

E *W e * = e " + —[ E e » E £ x, = 1 + — T E »(X 



a V, 



where g{xi) is the Gauss sum associated to Xi 1 an d ^ '• 

If < i < g— 1 is an integer, written in base p as i — X)fe=o *fcP fc i we define s(i) to be io + - ■ 
If i 7^ 0, by |Ray74[ page 251], we have 

_ g(xiY ---g(x P f-iY f - 1 
Wi - w Xi - ^.^1 }p . ..... x „. - (g _ 1)sW -i 5(xi) ■ 

*» timos V-i «-« 

Since g(x P k ) — ff(xi) f° r every k, we obtain 



12 RICCARDO BRASCA 

For k = 0, ...,/- 1, let (3 k := 5(xi)a~ pfc . Writing i = ^fe=o *fcP fe > we have 

i=l vy ; fe=0 

Proposition 3.7. TTie morphism r\: R[y]/(y p — 1) — > R[x]/(x q + ^x) induces a canonical S-point 
of (C 2 ' 1 ) . Its base change to Sk, denoted with 7', is a K-generator of (C^' 1 ) D (5'if ). 

Proof. It is enough to show that each /3& is in 5. By equation ([3]), the valuation of g(xt) is ^rj, so 

in we can write f3k = vru~p^ T ^'^ T (zo~^ rT a~ 1 ) p , where v is a unit of V. The claim follows. □ 

Remark 3.8. Using the relations between our lUj's and the universal constants used by Coleman 
given in Remark 1 3. 6 1 we see that, in the case / = 1 and w = p, our morphism is exactly the one 
defined in jAISlll Proposition 5.2]. 

Proposition 3.9. Let h: C 2 ' 1 — > ^[tn] 2 ' 1 be the natural map. In Sii 2 ,i /r ,, we have the equality 

d(x) 



h*(uj) = 

1 - w^uE^-^xi- 1 



Furth 



ermore, if we write = R/ ^Rd(x), we have h*{uj) = d(x). 

Proof. It is convenient to write the comultiplication c(x) of C 2 ' 1 as F(X,Y), where X = x® 1 and 
Y = 1 <E> x. Let f(X) d(X) be an invariant differential, we have 

f(X)d(X) + f(Y)d(Y) = f(F(X,Y))(^F(X,Y) + JLf(X,Y)), 

so, comparing the coefficients of d(Y) in the two sides of the equation and setting Y = 0, we 
find that /(0) = f(X)(l - QXi- 1 ) mod f , where Q := vo^uE^-^-. By |Ray74[ page 251], 

w = fg-ijp- 1 ' so we obtain that (1 — (<Z — — QX^ 1 ) = 1, so any invariant differential 

on C 2 ' 1 has the form 

r d(x) 
1 - Qx*- 1 ' 

for some r £ R/^R. Since w is a differential dual to x, we have uj = f(x) d(x), with / = 1 mod x 
and the first part of the proposition follows. The last statement is a consequence of the fact that 
the counit of C 2 ' 1 = Spec(i?[x]/(x 9 + ^x)) is the map x i-» 0. □ 

Remark 3.10. If w — p and / = 1, we have uj — rr^g ; but pd(i) = 0, so h*(u) = ^frg- 

p— 1 

4. The map dlog 

Let {Spf (i?i)ie/} be a covering of 9Jt(iJ)(w) by small affine formal schemes (in the sense of 
BriOSj). Our local situation will be the following: we choose one of the i?i's, called simply R. Its 

( X 2 ' 1 

pullback to m{Hw)(w) will be denoted with Spf(S). We assume that uj_^^ — \J^*^\a/r) * s a 
free i?-module, generated by uj, and we write ^g-iig p f(m = Euj® q ~ x . Let 7/ = Spec(K) be a generic 
geometric point of Spec(i?), we write Q for 7Ti(Spec(i?j<-), r/x). We denote with R the direct limit of 
all R- algebras TCK which are normal and such that Tk is finite and etale over Rx- Let R be the 
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zn-adic completion of R. We are going to use the map d log, for the definition and basic properties 
look at [AlSli] Section 2], or see below. 

Proposition 4.1. If e is big enough, then 7' is in the kernel of the map 

g/ S ®S S/PS. 

Proof. We have dlog (7') = drj(y)/rj(y). By the explicit definition of 7', it is enough to prove that 
w divides (3k for each k = 0, ...,/ — 1 (see Section for the definition of (3k and 77). In the proof 

of Proposition 13.71 we have shown that tup- 1 1- 1 divides (3k- If e is big enough, this implies that 
w divides (3 k as required. □ 

Remark 4.2. The above proposition shows that, in general, the analogue of [AIS111 Proposition 5.2] 
is not true in our situation. Since we work with nj-divisible groups rather than with p-divisible 
groups, to obtain results similar to those of [AISTT] . we need a theory that takes into account the 
action of Op. For example, in Proposition 14. 1[ we use that C x ' is killed by p, but we even know 
that wC 2,1 = 0. Note that there is no action of Op on <G m ,s, so Cartier duality does not suffice. 
We need the theory of group schemes with strict O-p -action as developed in |Fal02| . 

On the power series ring there is a unique action of Op such that the multiplication by w 

has the form [^(x) = x q +zux and the action on the Lie algebra is the one induced by Op — > R. This 
is the so called Lubin-Tate w-divisible group, denoted CT- The action of Op on + wx) 

factors through k, and z € k sends x to [z\x. Let G be a finite and flat group scheme over R with 
an action of Op (we will always assume the condition on the action on the Lie algebra), and let us 
suppose that G is killed by zu n for some integer n. The functor (i?-algebras) op — > grp, that sends 
T to homo,, (Gt, CTt), is representable by a finite and flat group scheme over R, with an action 
of Op, denoted G v , see [Fal021 Sections 3 and 5]. 

Let G be a ro-divisible group and let H be a sub Op-module of T ro (G v ) := hm G v [zu n ](RK ) 
(this is the Tate module of G v ). By duality between G and G v , we obtain H , the orthogonal of 
H, that is a sub Op-module of T n ,(G). 

If D C G[n7 ,l ](i?A') is a sub O-p-module, we write D cl for the schematic closure of D in G[zu n ]. 
Let R be a discrete valuation ring, whose valuation extends the one of Op, so D cl and {D^~) cl are 
group schemes. By |Far07| Proposition 1], we have (£> cl ) v = G[n7 n ] v /(£>- L ) cl . 

Let W be a normal Noetherian i?-algebra, without w-torsion. Let G be a group scheme with an 
action of O-p, and let lo g / r be the module of invariant differential of G. If G is killed by zu n , we 
define a map 

dlog G :=dlog GiVV : G v (Wk) -> Lo G/R ® R W/w n W 

in the following way: given x, a Wk -valued point of G v , it extends to a W- valued point of G v , called 
again x. It gives a group scheme homomorphism (that respects the action of Op) f x : G — > CT. 
We define 

d\og G , w (x) :=f*d(n 

The map dlog satisfies various functoriality properties, see |AIS11[ Lemma 2.1]. 
We can take G = ^[tn™]^' 1 , and we obtain the map 

dlog„ !H/ : {A[w n ] 2 +) y {W K ) -> u^nfti ® R Wjw n W. 

Taking the direct limit over all W as above, we get the map 

dlog„^: {A[w n } 2 { l ) y (R K ) -+u LA/R ® R R/vj n R. 
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Finally, taking the projective limit, we obtain the map 

dlog^: T m ((A[w°°] a /y) -> uu /r ®r% 

Suppose that R is a discrete valuation ring, whose valuation extends the one of O-p. From dlog_^, 
we obtain the maps d log n -j and the map 

dlogj: T„{{J^ 1 ) s/ )^u A/R ® R % 

Remark 4.3. Let us assume that A is supersingular. We have that the Newton polygon of [to] (a?) 
is the convex hull of the points 

(0,+oc), (1,1), (g,v(o)), and (q 2 ,0). 

In particular, we see that the roots of [to] (a:) corresponding to points of C 2 ' 1 are those with biggest 
valuation, as in |Far07j . 

Proposition 4.4. Let us suppose that w < -. Taking the quotient over the kernel, the map d\og 1 A 
factors through a map, denoted again 

dlo gl (C 2 ^y(R K ) -t u A j R <E> R R/vuR. 

Furthermore, the cokernel of the base change to RjvoR, over k, of this map is killed by to" , where 
v := In particular we have ker(dlog 1 __4) = (C x ' (Rk)) ± ■ 

Proof. As in the proof of [AIS11, Proposition 5.1], we can assume that R is a discrete valuation 
ring, whose valuation extends the one of V. We can prove the proposition with A 2 ' 1 replaced by 

J " v *2 X 2 1 2 1 

A{ . Indeed, if A is supersingular we have ^[to]]/ = -Afro]-^ , while in the ordinary case we can 
use |Far07[ Lemma 1]. 

First of all we prove the proposition in the case A^' 1 has height 2. Let y 6 A^ 1 [zd] v (R~k) 
and let V C A^^luo]^ (R K ) be the Op-module generated by y. We have Wmciw = R/jR, with 
v(7) = 1 — ^2v(z), where the sum is over V 1 - \ {0} (see (Far07| ). Since the map 

R/jR = W/jjeaw i R ®r RjvoR <-} UJ. A / R ® R RjvoR = RjvoR 
is the multiplication by ^, it is injective. In particular, we have a commutative diagram 



A{ [to 



' (R K ) lj_ a/r ® R RjvoR 



V C \R K ) ^ ULtpay /R ®fl RjvoR 

so we can study the map dlog/pcnvfl- We now have that dlog^ Dc i)v ^{y) = ft mod 7, with 
v (/3) = 1 g-i 1 so dlo g(Dd)v,j?(y) = if and only if v(7) < , i.e. if and only if v(7) < K 

If y E CI'^Rk) 1 - \ {0}, we have V 1 - = C 2A (R K ) and v( 7 ) = v(E) < w < ±. It follows 
that C 2,1 (Rk )~ l is contained in the kernel of dlogj A . The first part of proposition follows since 
A^ ,1 [zu] v /(CI' 1 (Rk) ± ) c1 = (Ci 2,1 ) v - If Z/^ (Ci^CRk)^, the valuation of the points of V L is 4^y. 
Looking at the map uv-pciw i R ®r RjvoR <-t u A i R ® R RjvoR, we see that, if y $ (C 2,1 ){Rk) 1 ' , then 
A\og 1A {y) = (3 mod zu, with v(/3) = — v(7)) = < u as required. If A^' 1 has height 1, a 

similar, but even simpler, argument, gives the result. □ 
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Remark 4.5. In [AlSllj . the assumption w < — is made from the very beginning to define the 
canonical subgroup. We need w < | only to relate the map d log with the canonical subgroup. 

From now on, we will assume that w < ~. We consider the morphism 

(C 2 ^)s = Spec(S{x]/(x« + -> £T S = Spec(S[[x]]) 

^1/(9-1)2. J,. 

It gives a canonical non trivial point 7 6 (Cj' 1 ) v (S'x) that is a K-generator of (C^' 1 ) v (5'if ). 
Proposition 4.6. We have d\og 1 5(7) = £a|Spf(,S) mod tn 1 ""'. 
Proof. Consider the following commutative diagram 

..rr 

(CI^Y^Sk) ^^ /R ® R s/w l - w s 

Being h: C x ' —> Alva]^' 1 a closed immersion, the right vertical map is surjective. Both its do- 
main and codomain are free S /■cj 1 ~ w S-mod\ile of rank 1. It follows that the right vertical map 
is an isomorphism, so we can prove that dlog c 2,i s (j) = h*(E±\ spf(S)) mod vo x ~ w . We have 

dlog C 2,i ^(7) = d(x), we conclude by Proposition 13.91 □ 

5. The Hodge- Tate sequence 

We continue to work locally as in the previous section, using the same notations. We now need 
some results about ./i^' 1 [ot] v . Let lo av j R be H^.imv/jji an d we choose E' £ R, a generator of this 
i?-module. 

Proposition 5.1. Let us suppose that R is a discrete valuation ring, whose valuation extends the 
one ofO-p. Then the valuation of E' is the same as the valuation of E. Furthermore (Cj' (Rk)' 1 ') 01 
is the canonical subgroup of A{ [w] v . 

Proof. We can assume that A^' 1 has height 2. We claim that the map dlogj A v : ^[ro]^' 1 (Rk) — > 
w_4v i R ®r R/wR has ^^(Rk) has kernel. Indeed, let y £ (Rk), since the diagram 

A 1 ' 1 [oj}(Rk) 5- oj A v j R ®r R/wR 

2 J 

C{ (R K ) ^w (c 3,i )v /r ®rR/wR 

is commutative, to prove that dlogj jy(y) = it suffices to show that dlog^ C 2,i^ v -^(y) = 0. But 
by |Fal02| Section 3], we have (C^Y = Spec(R[x]/(x q - Ex)), so w (c 2,i )v/K = R/ER. With this 

isomorphisms, we have dlog, c 2,i% v -r(v) = 7, with v(7) = — > v(E) since v(E) < i. The claim 
follows since, by the analogue for ro-divisible groups of |Fal871 Lemma 2], and Proposition 14.41 the 
kernel of dlog x is orthogonal to C{ (Rk) ± and hence has K-dimension at most 1. Using the 
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analogue of the explicit calculations made in the proof of Proposition 14.41 we see that the fact 
that dlog-L A v has a non trivial kernel implies that v(E') < |. The statement about (C^ (Rk ) ± ) c1 
follows. It remains to bound the valuation of E' , or equivalently, to bound the valuation of the points 
of Cl^(R K )^, that is ^P-. Let us consider the isogeny A 2 /^ -» ^ a [cf7] v /(C 1 2 ' 1 (i? K )- L ) cl . 
By |Far07i Remark 2], it is given, after a suitable choice of coordinates, by the map 

R[[x]} R[[x}} 
x (— > JJ (x - A) 

Since the valuation of the points of .A 2 / 1 [n7] v that arc not in C 2 ' 1 (Rk) ± is > that is smaller 

than , we have that the valuation of the image of these points under the isogeny is ■ 

But ^' 1 [tu] v /(C 1 2 ' 1 (i?K)- L ) cl = (C 2,1 ) v , whose points have valuation so v(E) = v(E'). □ 

Remark 5.2. The above proposition implies that all our results about .A 2 / 1 [to] have an analogue for 
•A-i [' CJ7 ] V ) f or the same constant w. 
We have the map 

dlog^ : T ro ((^l[tu 00 ] 2 ' 1 ) v ) ® Dv S -> ® fi 5, 

and also its analogue for (^[tu 00 ] 2 ' 1 ) 7 , 

dlog^v : T^^ro 00 ] 2 ' 1 ) R -> u A v /R ®rR. 

Let •* mean 'dual module', then we have an isomorphism of ^/-modules 

T^Alm^Y) - T u ,(A[zu°°] 2 ' 1 )* (1), 

where (-)(1) means that the action of Q is twisted by the Lubin-Tate character. We define a .4 '■— 
dlogV(l). 

Definition 5.3. The Hodge-Tate sequence of A is the following sequence of i?-modules with semi- 
linear action of Q: 

-> oj* av/r ® R T ro ((^l[w 00 ] 2 ' 1 ) v ) ® OT , E ^ u A/R <g>«E -> 0. 

Proposition 5.4. The Hodge-Tate sequence of A is a complex. 

Proof. It is enough to show that H°(7!(-l), £) = 0. This follows by |Bri08| Proposition 3.1.8] and 
[FaTDl Section 9]. □ 

Lemma 5.5 (( Bri08 ( Proposition 2.0.3])). We have that w is not a 0-divisor in R and that the 
natural map R —>• R is injective. 

Proposition 5.6. The cokernel of the map d log_4 is killed by tu v and Im(d log^) is a free R-module 
of rank 1. Furthermore, ker(dlog_4) is a projective R-module of rank 1. 

Proof. Using Proposition ^. 41 this is proved as the first step of the proof of A IS 1 1 Proposition 2.5] 
(see also Lemma 2.5). □ 

Lemma 5.7. The map a A is injective. 
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Proof. By Remark 15.21 and Proposition 15 . 61 we know that the cokernel of d log^v is killed by m v , 
so the same must be true for the kernel of a .4, but by Lcmma l5.5l this implies that ker(a^) =0. □ 



Let Vl' 1 be Cl A {R K ) x . From now on we will omit (Rk) m the notation, it should be clear from 
the context whether we are talking about the group scheme or about the group of points. We also 
write R z for Rjvo z R (and similarly for other objects). 

Lemma 5.8. We have a commutative diagram, with exact bottom row: 



) R R t (l) T ro ((^l[ru 00 ]^ 1 ) v ) ® K Rx u A/R <S) R Ri 



^ V 2 ,' 1 ® K i?i {AMVY #i >■ (Ci 24 ) v ®, Ri — >- 

Furthermore we have an isomorphism ker(dlog_ 4 ) = Im(dlog_4v)*(l). 

Proof. Using Remark l5.2[ this is proved as the second step of the proof of jAISll] Proposition 2.4]. 

□ 

Theorem 5.9. The homology of the Hodge-Tate sequence is killed by zu v , and we have a commu- 
tative diagram of Q -modules, with exact rows and vertical isomorphisms, 

kex(dlo g-A )i_„ T^dAivu 00 } 2 ^) ® Qv Ri-v >■ Im(dlog^)i_„ ^ 

( i 

o v 2 / ® K r^ v ^ (iNi') v ®« Ri-v *~ (c 2,1 ) v ®k Ri-v o 

Furthermore, ker(dlog_4) is a free R-module of rank 1. 

Proof. Again this is proved using the same argument of the third step of the proof of [AIS11, 
Proposition 2.4], using Remark 15.21 □ 

Proposition 5.10. The Hodge-Tate sequence is exact if and only if A is ordinary. 

Proof. This follows from the calculations made in the proof of Proposition 14.41 □ 

Let H be G&\(Rk / S k) ■ In the following, 8 will be an element of R\ that satisfies dlogj ^(7) = Soj 
and 6 £ R will be a lifting of 5. We can assume 5 £ S/wS and 5 £ S. 

Proposition 5.11. Let J-(S) C ui A / R (3r S be the submodule generated by 5uj ® 1. 

(1) We have that J- (S) is a free S-module of rank 1, with basis 5ui and J-(S)(3s R — Im^dlog^); 

(2) the S-module Im(dlog^)^ is equal to ^(S); 

(3) there is an isomorphism J 7 (S)i- v = (C^' 1 ) v ® K Si- v , its base change to R gives, via J 7 (S)®s 
R = Iu^dlog^), the isomorphism of Theorem \5.9i 

(4) there is an isomorphism J r (S')*(l) <S>s R — ker(dlog_ A ). 
Furthermore, all the above isomorphisms are Tl-equivariant. 

Proof. This is proved as |AIS111 Proposition 2.6]. □ 
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Lemma 5.12. Let Spf(-R') be a small affine of$Jl(H)(w) and suppose that R' is an R-algebra. We 
write A' for the base change of A to R' . Let Spf(S") be the inverse image o/Spf(i?') under the map 
%R(Hvj)(w) — > 9Jl(H)(w), then we have a natural isomorphism ^(S) <8>s S' = ^F(S'), compatible 
with w A / R ®r R' = u A , j R , . 

Proof. By functoriality of dlog, we have a natural morphism Im(dlog_4) I m (dlog_4,), that 

is compatible with the isomorphism oj A / r ®r R' — {*Lj, , R ,. Taking Galois invariants we obtain, 
by Proposition 15.111 a morphism ^(S) <8>s S' — > IF(S'), that is an isomorphism modulo vj 1 ~ v by 
Theorem 15.91 The lemma follows. □ 

6. The sheaves and Q r<w 
We start assuming that e < p — 1, we explain in Section [6.71 how to remove this hypothesis. 

6.1. Generalities about locally analytic characters. Let A be a if-affinoid algebra. We will 
consider only F-p-locally analytic characters 

X :0* r = |i ? _ix(l+E0 P )^A*. 

Definition 6.1. Let r > 1 be an integer. We say that a character \ : C73 ~~ ► K* is r -accessible if 
it is of the form t H> [tY(t) s :— [t] 1 exp(s log((f))) for all t with v((t) - 1) > r, where: 

• i6Z/(g-l)Z; 

• [•] is the Teichmiiller character, and [t] means [•] applied to the reduction of t modulo w\ 

• (t) := t/[t] and s <G K is such that v(s) > — r. 

If x is 1-accessible, we will simply say that \ is accessible. In this case we write x = ( s >*)- Given 
an integer k, we view it as the accessible character t^t k . Note that any locally analytic character 
is r-accessible for some r. 

Let W be the weight space for locally analytic characters: it is an -Fp-rigid analytic space whose 
A-points, for any F-p-affmoid algebra A, are W(A) = Homi oc _ an (0p, A*). There is a natural 
bijection between the set of connected components of W and Z /(q — 1) Z. Let ,B be the component 
corresponding to the identity. We then have W = ]J Z z S- By |ST01[ Theorem 3.6], we know 
that B is a twisted form, over C p , of B(l), the open disk of radius 1. Note that B is isomorphic to 
B(l) if and only if F v = Q p ( [ST011 Lemma 3.9]). In general B is a closed subvariety of B d (l), the 
rf-dimensional open poly disk of radius 1, where d = [F-p : Q ]. 

Let ti be \w\ p- 1 , and, given an integer r > 2, we define t r < 1 as the largest number such the 
following condition hold: if x € C p satisfies |x — 1| < i r , then | log(a;)| < ti|tJ7| 1 ^''. We have t r — > 1 
as r — > oo. Let B d (t r ) be the open <i-dimensional poly disk of radius t r . For r > 1, we fix T> r , a 
closed ball such that S d (i r _i) C XV C B d (t r ). Viewing K as a subvariety of B d (l), we define £? r via 
B r :=Br\V r (see [STOTl Section 2]). We write W r for TJ Z/ , _ 1)z B r . 

Lemma 6.2. .Am/ x G W r (-ftT) is cm r-admissible character. 

Proof. We may assume x G B r {K) C B d (t r )(K). In this case we can take s := lo ^^^- ) - ) . □ 

Remark 6.3. We have that W r is an affinoid subdomain of W and that {W r } >0 is an admissible 
covering of W. In particular, any character x € W(if) lies in some W r (K). Furthermore we know 
that any x G W r (iO is r-admissible. 
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6.2. The case of accessible characters. 

Definition 6.4. We write J- for the unique locally free Cart(Hro)(«)) -module of rank 1 that satisfies 
J r (Spf(5)) = T{S), for Spf (5) an open afhne of SR(Hw){w) as above. Here J-(S) is the free 
S- module of rank 1 defined in Section [5] 

By Theorem I5.9[ we have an isomorphism of sheaves 

Definition 6.5. Using the above isomorphism, we define F' v as the inverse image of the constant 
sheaf of sets (£{ ) v \ {0} under the natural map J- — > T j vo x ~ v T . 

Lemma 6.6. Let Spf(S') — > 9Jt(i?n7)(w) be an open affine, with associated abelian scheme A — > 
Spec(S') ; and assume that uij^/s * s generated by ui. Then we have that J r (Spf(5)) is free, and 
uj std :— £ , i|g p f(5) gives a basis. 

Proof. We can write -Ei | spf ( s) = -E 1 ^ 9-1 ^, for some E e S. We can assume that Spf(S) is the 
inverse image of Spf(i?) — > tfJt(H)(w). Using the notations introduced before Proposition EHU we 
have that J-(S) is generated by Sui. By Proposition 14.61 we have 5 = E 1 ^ q ^ 1 ' > modra 1 "'". The 
lemma follows by completeness of S and Nakayama's lemma. □ 

Corollary 6.7. We have that J 7 is a free O^ji^fj^^y module of rank 1, with u std as basis. 

Definition 6.8. Let S v be the sheaf of abelian groups, on VJl(Hw){w), defined by 

S v := + Tx 1 ~ v O< m (H-w)(w))- 

Proposition 6.9. We have that T' v is a Zariski S v -torsor and it is generated by w std . 



Proof. This follows from Proposition 15 . 1 11 and Lemma 16.61 □ 

We write $ for the natural morphism $: %K(H w) (w) — > DJl(H)(w). Its rigidification is Galois 
with k* as Galois group. The action of n* on $" s extends to an action on Throughout this 
section, we fix an accessible character x = ( s i *)• We will assume that 



w < (q- 1) v(s) + 1 - 



Let x be a local section of S v over 2J = Spf (S). We can write x = ub, where u is a section of OX, 
and b is a section of 1 + vj x ^ v O^. We set x x :— x(u)b s , that is another section of S v . Note that, 

if i G 1 + voO-p, we have — t s , so xX is well defined. We will write OyR(Hw)(w) ^ or ®Wl{Hm){w) 
with the action of S v by multiplication, twisted by \. 

We have a natural action of S v on J-' v . In particular we can consider the sheaf 

where J^foms^{-, ■) means homomorphisms of sheaves with an action of S v . By Proposition I6.9[ we 
have that fii* is an invertible sheaf of O^jj vj)(w) -modules. Note that, to specify /, a global section 
of n*, it is enough to give f(uj std ). Since k* acts on (£^' 1 ) v \ {0}, we have an action of k* on T' v 
and also an action of k* on ^*Cg^(ffL)(u)) ■ 

Since is finite, we have that i?*0^ is a coherent sheaf of OOT(if)(ui) _mo< iules. The action of k* 
on J 7 ^, and on $*^ot(h"L)(i(/) gi ves an action of k* on In particular, we have an action of k* 
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on the global section of . We will write this action by / i-> /i / a \ , for a G re* . These operators are 
the analogue of the usual diamond operators. 

Definition 6.10. We define the sheaf ft* = fi£ s,i) on m(H)(w) as := . 

Let 03 = Spf(S') — > dJl(Hzu)(w) be an open affine. We will write X X:V for the unique element 
of ft* (23) that satisfies X x ^ v (buj std ) = &~ s , for all b € 1 + ru^S. For various 53's, the X x>v 's glue 
together, so we obtain a global section of f2*, denoted again X x ^. 

Lemma 6.11. We have that f2* is a free O^i^^^y module of rank 1, with X XyV as basis. 
Proof. This follows from Lemma 16.61 and Proposition [6~51 □ 

Remark 6.12. Let x' = ( s )i) be another accessible character (note that we have the same s for 
X and x')- We have a canonical isomorphism f3 XiX > : ^> , that sends X x .t, to X X ' iV . This 
isomorphism does not respect the action of re*, but we have that /3 x ,x' induces an isomorphism 
= Cl* [j — i\. Here by [j — i] we mean with the action of re* twisted by [-p' _i . 

Definition 6.13. Wc define the space of tu-adic modular forms with respect to D, level K(Hzu), 
weight x arL d growth condition w, with coefficients in K, as 

S D (K 7 w,K(Hm), X ) ■= H°(DJl(Hzu)(w), &%,)k- 

If x is an integer, by Lemma |6 . 2 1 1 b elow . we have S D (K, w, K(Hw),x) — S D {V, w, K(Hvj),x)k- 

Proposition 6.14. There is a canonical k* -equivariant isomorphism of O^H)(w)- m °dules 

j£Z/(g-l)Z 

suc/i £/«z£ fl^'"^ is £/ie submodule o/#*f2*- on which re* acts via multiplication by 

Proof. This is the analogue of jAISl 11 Lemma 3.3]. By Remark 16.121 Qw is equal to the set of 
invariant elements of t?*Q*[i — j], so it is the submodule of where re* acts via The order 

of re* is (? — 1, that is invertible in all our rings, so can be decomposed, locally on 9Jl(H)(w), 

as the direct sum of eigenspace of re*. The proposition follows. □ 

Remark 6.15. From now on we will use the above proposition to tacitly identify Oi, with the 
submodule of i?*f2^ on which re* acts via [-p - '• 

Corollary 6.16. The rigidification o/fi* is an invertible sheaf of 0sjt(iT)(u>) rl s -modules. 

Definition 6.17. We define the space of w-adic modular forms with respect to D, level K(H), 
weight x an d growth condition w, with coefficients in K, as 

S D (K, w, K(H), X ) := tt°(Wl(H)(w), n^) K . 

If X is an integer, by Proposition 16. 241 below, we have S D (K,w,K(H),x) = S d (V,w,K(H),x)k- 

Let w' > w be a rational number that satisfies the same conditions of w. We set v 1 := J!L T . We 

— g-1 

have natural morphisms f w<W ' : fSl(H)(w) — > HR(H)(w') and g w<w > ■ Tt(Hvj)(w) — > 9Jl(Hza)(w'). 
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Lemma 6.18. We have a natural isomorphism of O^H^)( w )- m °dules p v , v > : w'ffiw') — 
We have that p VjV = id and, if w" > w' satisfies the same conditions of w, we have p v , V " — 
v i(p~v',v"), where v" := ^ry- Furthermore, we obtain a canonical morphism 



x 

w ' 



that is an isomorphism after vigidification. The pv,v f 's satisfy the squib conditions as the pv,v' 

's do. 

Finally, we have p v ,v'{X XtV i) = X X:V . 

Proof. This is proved as |AIS11[ Lemma 3.5]. □ 

Definition 6.19. Using Lemma 16.181 we can define the space of over convergent modular forms 
with respect to D, level K{H), weight \ an d growth condition w, with coefficients in K, as 

S°(K,K(H), X ) := \m^S D {K,w,K{H), X ). 

Remark 6.20. Let Spf(5) — > dJt{Hw) (w) be two affme points of Wl(Hzu)(w). We write 

A and B for the abelian scheme corresponding to i_A and ig, respectively. Suppose we are given 
a morphism /: B — > A over S. We obtain, by functoriality of dlog, a morphism In^dlog^) — > 
Im(dlogg) compatible with the natural pullback w^/g — > Wg/g. Taking Galois invariants we obtain, 
by Proposition 15.111 a morphism /* : ^(^(Spf (S))) — > J 7 (iig(Spi(S))). Let us now suppose that 
/ : B — >■ A is an isogeny, and that its kernel intersects trivially the canonical subgroup of B. In this 
case we have a commutative diagram 

^(u(Spf(5))) 1 _„ J 7 (is(Spf(5)))i_ 



By assumption, (/ 1 i ' 1 ) v is an isomorphism, so /* is an isomorphism, modulo w x ~ v . This implies 
that /* is an isomorphism, so we have isomorphisms J^(ix(Spf (S))) = J-^(ig(Spf (S))) and 

^ om 5„| iB(Spf(s)) (^|j B ( Spf (5)),C'spf(S)) ~* ^' 0m5 "|iA<Spf<s))(^K^(Spf(S))' C 'spf(S))- 

One can prove that Jtfom$ v] t (Spf(s)) (•^v\i A (Spi{S))' ^Spf(S)) ~ ^A^i,, and similarly for B. In partic- 
ular, we obtain an isomorphism i^Sl* — > *g^£,- We will be more interested in its inverse 

fx ■ i* ox _l ,•* ox 

Let Spf(iS) — > Spf(i?) be as above. We have a canonical isomorphism $ rlg '*f2* = f2*. In 
particular, we have the morphism 

: (i? o i B )*n% ® v k^($o i A y ni ® y k. 

In the case \ = {k, k) is an integer, via the isomorphism of Lemma [621] f k is the pullback of the 
fc-th power of the invariant differentials with respect to the isogeny. 
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6.3. Modular forms of integral weight. Let k be an integer. If 03 C 9Jl(Hm)(w), we write 
(n*)(93) (w|^ w) )(9J) be the map given by <f> k , m (f) = /(^ std )( W std )® fc , for / G fi*(9J). 
We obtain a morphism : — > n . 

Lemma 6.21. W^e /lave i/iai <g)y K is an isomorphism. 

Proof. The lemma follows since w std ® 1 is a generator of uIk{Hvj) ®v K by Theorem 15.91 □ 

Remark 6.22. By Proposition 15.101 we see that <j>k is an isomorphism if and only if w = 0. In 
general, by Theorem l5.9[ we have that coker(<^) is killed by w kv . 

Lemma 6.23. We have that k* acts on E\ G S D (K,w,K(Htu), (1, 1)) via 

Proof. Let a G k* and let Spf(S) C dJl(Hw)(w) be an open affine. We write / for the ele- 
ment of fi^'^Spf (<!?)) corresponding to -Ei | Spf ( S") ■ It is the morphism /: (1 + -cu 1 ~ v S)Ei\ spf(s) ~ !- 
°m{H^)(w)( S ^( S )) = S S iven b Y /(-^ | Spf (sr)) = !• B y definition of w std , we see that a" 1 sends 
uj std to [a]w std . In particular, /i/ a \ is the map that sends o/ td to a t) (/([a]w std )) (here a = (0,0") 
as morphism of ringed spaces). But / G ^'^(Spf^)), so /([a]w std ) = [a]- 1 f(u std ) = [a]- 1 . So 
/ Ka) ( W std ) = [ a ]- 1 and/| <Q) = [a]- 1 /. □ 

We consider £1^ as a subsheaf of cj® fc , via 4>k- 

Proposition 6.24. We have that u% k { £f = fti/ fc) ' rig . 

Proof. We work locally, as in the proof of Lemma l6.23l Let /®1 G 17^, (Spf (S))®vK be the element 
corresponding to ® 1 G ®y if, where a; is a generator of u R , that we can assume to be 

/ 1/ (q- 1) / \ fc 

free. Writing Ei| Sp f(S) = * — u, we have that / gives the map £i| Sp f(S) ^ ( j- ro )°(g-D J • 

As in the proof of Lemma 16.231 we have that 



f l{a) (u std )=J(f([a}cj std )) = [a}- k a« 



a 



Furthermore, we have a" (a) = [a] a, so /|( a ) (w std ) = 1, hence /|( a ) = /. This shows that <8>v 

if C ®y if. For the other inclusion, note that any element / of 0^(Spf (S)) <g>v K can be 

written as / = suj, for some s G Sk- A calculation similar to the one above shows that, if k* acts 
trivially on /, then s £ Rk as required. □ 

Remark 6.25. By Corollarv l6.161 we have a decomposition 

S D (K,w,K(Hw), X )= S D (K,w,K(H),(s,j)). 

j6Z/( 9 -l)Z 

Note that if / is of level K{Hw) and has integral weight, say k, we cannot identify it with a modular 
form of integral weight k and level K{H). Instead, / will have components that are modular forms 
of level K(H) and weight x 1— > (x) k [xy , for various j 6 Z/(g — 1)Z. This is very similar to the 
case of elliptic modular forms (see |Gou881 Sections 1.3.4-7]). We have Xx lV = Ex, and we see that 

X XiV is a global section of ftw' ^ ■ It follows that X XtV , when considered as a modular form of level 
K(H), has integral weight if and only if s is an integer congruent to modulo q — 1. For example 
we have that X q _i v = E q _i has weight q — 1 as one expects. 
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Remark 6.26. Fix an open affine il = Spf(i?) C 9Jl(H)(w), and let 23 = Spf(S) be the inverse 
image of il under We write A — > Spec(S') for the corresponding abelian scheme. We have a 
K*-equivariant isomorphisms f2~, = J- and f2~ 1 = J-*. In particular there is a 'corrected' exact 
Hodge- Tate sequence 

-► O" 1 ^) ®r S(l) ->■ T^CAK"]?' 1 )*) ® K S -)■ ni,(93) ® fl S -> 

6.4. Katz' modular forms. We can describe our modular forms in a more familiar way, using 
'test objects'. 

Definition 6.27. A test object is a sextuple (A/S, i, 9, a, Y, rf), where: 

• Spf(5) — > DJl(Hm)(w) is an affine point, with S a normal and -zu-adically complete V- 
algebra; 

• (^4, i, 9, a) is an object of the moduli problem of level K(Hzu), with A defined over S; 

• Y is a section of /g 9 that satisfies YE q _i = nj 1 "; 

• 77 is a global section of the pullback of T' to Spf (S). 

Proposition 6.28. To give an element f of S D (K,w,K(Hzu),x) is equivalent to give a rule that 
assign to every test object T = {A/S, i, 9, a, Y, 77) an element f(T) £ Sk such that: 

• f(T) depends only on the isomorphism class ofT; 

• if <p: S —¥ S' is a morphism of normal and zu-adically complete V -algebras, and we denote 
with T' the base change of T to S' , we have f(T") — ip{f(T)). 

Proof. This is proved as |AIS11[ Lemma 3.10]. □ 

Corollary 6.29. Let f be in S D (K,w,K(Hm), X ). We have that f € S D (K,w,K(H),(s,j)) if 
and only if, for any test object T — (A/S,i,9,a,Y,n), we have f\/ a )(T) = [a] 0-1 f(T). 

6.5. Canonical subgroups of higher rank and general characters. In this section we fix an 
integer r > 1 and we suppose that w < qr -^ q+1 ^ ■ 

Proposition 6.30. We have that 2t(iJ)(w)[n7 r ] has a canonical subgroup £ r stable under the action 
of D. Furthermore (C,.)^' 1 has order q r and €1 = €. 

Proof. Let A — > Spec(i?) as above. We prove the proposition by induction on r, we already know 
the case r = 1. By assumption, A[w] admits a canonical subgroup C. In j Kas04l Section 4.4 and 
Theorem 10.1], it is proved that A/C is another object of the moduli problem, and that the i?-point 
corresponding to it lies in DJt(H)(qw). Since qw < ^r=57^qrn > by induction hypothesis we have a 
canonical subgroup C' r _ 1 C A/C{nj r ~ 1 ]. We define C r to be the kernel of the composite map 

A^A/C^ {A/C)/C' r _ v 

□ 

Using the canonical subgroups of higher rank, everything we have done for level K{Hw) in 
Section [3] can be repeated for level K(Hm r ). In particular we have the rigid space VJl(Hvu r )(wY ls , 
and the formal scheme dJl(Hw r )(w). 

Proposition 6.31. Let Spf(i?) — > dJl(H)(w) be as above. We have that the kernel of the map 
dlog^: {Alzu^/Y ^uu /R ® R R r ^s (2? r )f 1 := ((CrftY- 
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Proof. We prove the proposition by induction, the case r = 1 follows by Proposition 14.41 We have 
that ^4[n7 r ]^' 1 is an extension of ^[tn]^' 1 and ^4[a7 r_1 ]^ 1 , and the same is true for the canonical 
subgroups. The proposition follows from the functoriality of dlog and |Far07[ Corollary 1]. □ 

Proposition 6.32. We have a natural Q-equivariant isomorphism 

Im(dlog^) r _ t , = ((C r )i ,:L ) v ®o v Rr-v 

Proof. Using Proposition [6311 this is proved exactly in the same way as Theorem 15.91 □ 

We have a natural morphism -d r : 9Jl(Hva r )(w) dJl(H)(w). Its rigidification is Galois, with 
G r := (O-p I 'w r Op)* as Galois group. As above, we have that G r acts on § r too. 

Let it = Spf(i?) C dJl(H)(w) be an open affine. We will write 23,. = Spf(SV) for the inverse image 
of il under # r . We have that (C r ) 1 ' becomes constant over S rj K- Furthermore there is a canonical 
point of (Cr)^'' 1 , defined over S r . We can thus repeat what we have done for C x ' , and we obtain an 
isomorphism of sheaves of OOT^^j^-modules 

We now fix {Cn}„>i! a sequence of C p -points of CT such that the order of ( n is exactly w n . We 
assume that za( n +i = for each r, and that fi is our fixed (— ru) 1 ^ q ^ 1 \ If £ r € V, we obtain j r , 
a canonical SV-point of {{C r ){ ) v . 

If w is smaller than l/(q r ~ 2 (q+ 1)), we define the sheaf T' r v on 9Jl(Hm r )(w) as the inverse image 
of the constant sheaf of sets given by the subset of ((£r)i' ) V of points of order exactly w r . We 
have that F' rv is a Zariski 5^.,,-torsor, where S r . v := Op(l + m r ~' L 'Oyji(Hvj r ){w)) ■ 

We now fix x, an r-accessible character. We assume that ( r g V. Let s be the element of 
C p associated to \- We assume that w is smaller than l/(q r ~ 2 (q + 1)), so we have the canonical 
subgroup of level r. Let x = ub be a local section of We have that b s :~ exp(slog(&)) makes 
sense, so we can write x x := x( u )b s - We write 0^ Hmr ^ w ^ for the sheaf 0<si(h-uj t )(w) with the 
action of S r:V twisted by %. We define the locally free sheaf of rank 1 

O* :=^om s UKv^ u l n{w) ). 

We have an action of G r on F' r v and on ^r,*C^ ! (_ffn7'')(tu)- We obtain a coherent sheaves of O^H)( w y 
modules $ r This sheaf is endowed with an action of G r . 

Definition 6.33. We define the sheaf on M(H)(w) as Vl* := (d r ^&l S j Gr ' . 

Everything we have done in the case of an accessible character can be repeated for x- In particular 
we have modular forms, convergent and overconvergent, of weight x and various levels. 

Let h be an integer with r > h. Suppose that x is ^.-accessible. We can repeat the above 
construction starting with 9Jl(Hm h )(w), obtaining another sheaf on dSt(Hw)(w). For r > h, we 
consider the natural morphism i? r /, : 9Jl(Hm r )(w) — > DJl(Hm h )(w). The rigidification of d rt h is 
Galois. Its Galois group is G r ,h C G ri the image of 1 + m h O-p. 

Proposition 6.34. We have an isomorphism of Otm(H)(w) ®v K-modules 
o~r,h '• ($h,* ^om Shi SFh,v>°m{H^){w)) ®v = 
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Furthermore a r _ r — id, and, if t < h is an integer, we have <r r t — <Jh,t ° o~ r j x . 

Proof. This is proved as |AIS11| Lemma 3.20]. □ 

6.6. The sheaves 0, r<w . We show that the sheaves can be put in families. Let m, for i = 1,2, 
be the natural projection from W r X 9Jl(Hw r )(wy is to the i-th factor. We write S r , v also for 
7^2 1 (S r ,v) an d F' rw also for (J 7 ^. w ). Let x — ub be a section of S ri „. If A<8> B is a local section of 
Cw r xOT(_fft3J r )(M>) ri s: w e define x(A®B) to be the local section of Oyv rX <xn(Hvj r )(w)' i z that corresponds 
to the function (x,z) i-» x(a)A(x)6 x B(z), for x € W r (T) and z € 97t(#n7 , ')H ris (' r ), wher e T is 
any affinoid if-algebra. We define the sheaf 

Remark 6.35. It is possible to put also the in families. Let 9J r = Spf(SV) be an open affine of 
9Jl(Hw r )(w) as always. We write X r>v for the element of & r _ w (W r x 23" g ) that satisfies A" r!ll (u; std ) 
1 . 

As in the case of a single character, we have that G r acts on (id x i? r )*f2 rjlu . 

Definition 6.36. Let r > 1 be an integer, and let w < l/(q r ~ 2 (q + 1)) be a rational number. On 
W r x OT(iJ)H rig , we define the sheaf Q r>w := ((id x tf r )*f2 r , w ) G -. 

By construction we obtain the following 

Proposition 6.37. The sheaves fl r>w are locally free sheaves of Cw r xOT(ff)(«>) ri E -modules of rank 
1. For an?/ x S Wr(K)> we /lave a natural isomorphism 

Furthermore, if r\ and r2 are integers greater than and < l/(q ri (q + 1)), /or i = 1,2, 
are rational numbers, then the restrictions of f2 rii1Cl and r^ r2 .u, 2 to W n H W r2 x 2t(iJ)(uii) rlg fl 
2)t(iJ)(u; 2 ) ri s coincide. 

Any local section / of Q, r<w should be thought as a family of modular forms. Since VJI(H)(vj) i1s 
is an affinoid, by Proposition [637] and Tate acyclicity Theorem, any modular form of weight x lives 
in a p-adic family. 

Remark 6.38. Assume, as in Remark 16.201 that we are given an isogeny /: B — > A, where A 
and B correspond to Spf(SV) — > *H(i?ro r )(i(;). Suppose that the kernel of / intersects 

trivially the canonical subgroup of B. Writing i_4 and is also for the maps W r X Spf (<SV) llg — > 
WV x 9Jt(iJra7 r )(u;) rlg , we obtain the families of morphisms / r : i^fV,™ — > igO r ,w and / r : ((id xi?" g )o 
U)*fir,™ -> (((id x^ ig ) o t B )*n r , w . 

6.7. The deeply ramified case. We now briefly explain what can be done without assuming that 
e < p—1. We have an isomorphism 0%, = x fj, p n x Op for some n. We can assume that 1 + w 
maps to 1 under the maps OX, — > Op given by the above decomposition, so, with a little abuse of 
notation, we can write Op = (1 + zu)° v (but note that the logarithm is not injective on 1 + ruOp). 
In this way W becomes isomorphic to the disjoint union of (q — l)p n copies of B (see Section l6~T]) . 
We define the notion of r-accessible character as above, but only in the case r > — ^j. In this way 
the definition of W r can be adapted without problems. More importantly, if x is r-accessible and 
x is a local section of <5> r .„, we have that x s is a well defined section of S r>v . The rest of the theory 
goes smoothly. Thus, the real difference is that we do not have an integral structure for the space 
of modular forms of level K{Hvo r ) and weight x f° r any r, but only for r big enough. However, if 
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we invert w (i.e. if we take rigidification), the maps "d r and d r> h are etale, furthermore we have a 
residual action of G r and G r ,/i on our sheaves, so there are no problems in this case. 

7. The U operator 

Let x : C-p K* be a character in W r and let < w < l/(q r ~ 2 (q + 1)) be positive. 

Let z be a point of 9JT(.ffn7 r )(u;) rlg , and let L be its residue field, so z comes from a morphism 
7z : Spm(X) ->■ 0H(fftn r )(w;) rig . We write % : Spf(C L ) -> OT(iJn7 r )(w) for the rigid point associ- 
ated to z. We have 

H°(Spm(£), 7 M = H (Spf(O L ),7;^) ® 0[ L. 
We fix an identification H°(Spf (O l ), Y Z &1) = O l and, if / is an element of H°(Spm(L), 7 *f]x ), we 
define |/| 2 using the natural absolute value on Ol- Let now / be in H°(9Jt(iJn7 r )(u;) rlg , 0*), we 
define |/(z)| := |7*/| z , and we set 

|/|:= sup {\f(z)\}. 

zeW(HTu<')(w)"g 

Proposition 7.1. The sup defined above is always finite. In this way, S D (K,w, K(Hzu r ), x) 
becomes a potentially orthonormizable K-Banach module. 

Proof. Since DJl(Hvu r )(wY ls is an affinoid, the proposition follows by [Kas09, Lemma 2.14]. □ 

Definition 7.2. Let M be a Banach A-module, where A is an affinoid if-algebra. Following |Buz071 
Part I, Section 2], we say that M satisfies the property (Pr), if there is a Banach A- module N such 
that M © N is potentially orthonormizable. 

Corollary 7.3. The subspace S D (K,w,K(H),x) Q S D (K,w,K(Hzu r ),x) satisfies property (Pr). 

To define the U operator we need to introduce another type of curves. We use the notations of 
Section [TJ We define 

K(Hm r , q) := j f ° Me K{Hm r ) s.t. & = mod roj . 

In the case K-p — K(Hm r , g), a choice of a level structure is equivalent to a choice of (Q, D, o^), 
where (here (A, i, 9, a) is an object of the moduli problem for i^-p-algebras) : 

(1) Q is an i?-point of exact O-p-order w r in A[ro r ]^' 1 ; 

(2) D is a finite and flat 0-p-submodule of A[ra7 r ']^' 1 of order q which intersects the O-p- 
submodule scheme generated by Q trivially. 

In this case, the curve Mk will be denoted M(Hm r , q), it is a proper and smooth scheme over K. 
There is a natural morphism tti: M(Huj r ,q) — > M(Hvj r ), defined by the natural transformation 
of functors that forgets D. We have that m is flat, and, since M(Hw r ) —> Spec(-ftT) is proper, also 
tti must be proper. It follows that tti is finite. 

Given C, a subgroup scheme of A[q] of rank q AN , stable under the action of 0£>, we say, following 
|Kas041 Section 4.4], that it is of 'type 2' if Cf ©• • •®C^ l = A[q]%®-- -®A[q] 2 m and the isomorphism 
9: A[q] A[q} D sends C A[q] to (A[q}/C) D A[q} D . Note that C, if it is of type 2, it is 
uniquely determined by C 2 ' 1 . Given D, a finite and flat 0-p-submodule of Afrojj' , we write t2(D) 
for the unique subgroup scheme of A[q], of type 2, such that t2(D) 2 ' 1 = D. We can now define 
another morphism TT2 : M(Hw r ,q) —> M(Hvj t ). At level of points, it is defined by taking the 
quotient over ^(-D): in |Kas041 Section 4.4], it is shown how to put a level structure on A/t^D), 
except for the point of exact Cp-order w r ', but, since D intersects trivially the Cp-submodulc 
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scheme generated by Q, we can take for it the image of Q under the natural map A — ► A/t^{D). 
We are interested in the analytification of wi and 7T2 , denoted respectively 7T" 8 and ir^ 5 ■ 

The rigid space associated to M(Hw r ,q) will be denoted 9Jl(Hzu r , q) I1K . Furthermore, we write 
< m(Hw r ,q)(wY is for (Tr{ is )- 1 (Wl(Hzn r )(wy is ). We define the formal model M{Hzu r , q)(w) as the 
normalization, via 7r" s , of VJl(Hw r )(w) in yjl(Hrzj r , g)(u;) rlg . In this way we obtain a formal model 
of ir{ is , denoted pi : Wl{Hzu r , q)(w) -> m{Hvo r ){w). 

Proposition 7.4. Let R be a normal and vj-adically complete V -algebra. Then there is a natural 
bijection between %Jl(H vo r ,q)(w)(R) and the set of isomorphism classes of sextuples (A,i,9,a,Y,V), 
where: 

• (A,i,9,a,Y) is an object of the moduli problem, with A defined over R, of A4(Hzu r )(w); 

• T> is a finite and flat O-p-submodule of A[w r ]i of rank r that intersects trivially the canon- 
ical subgroup of A[va r ]i' 1 . 

Proof. This can be proved as |AIS11[ Lemma 3.11]. □ 

Lemma 7.5. Let R be a normal and w-adically complete V -algebra and let (A,i,9,a,Y,T>) be in 
9Jl(H-n7 r , q)(qw)(R). Taking the quotient overt2(T>), we obtain an object of V)l(Huj r )(w)(R). 

Proof. It is enough to consider the case r = 1. We can assume that R is a a discrete valuation ring, 
whose valuation extends the one of V and that A is supersingular. Let B be A/t 2 (D). Forgetting 
the extra structure, we need to prove that the i?-point corresponding to B lies in VJl(H)(qw). To 
prove this, let us consider the commutative diagram 

{Alvjf^Y (R K ) »- uu /R ®r Ri — ^ Ri 



{BMl+y {R K ) lo b/r ® H Ri — ^ Ri 



—B/R ' 

We use the notation of the proof of Proposition 14.41 We need to prove that v(£ , g) < liEAl^ The 
right vertical map is the reduction of the multiplication by an element of valuation V ^ A ' by |Far071 
Remark 2] . Looking at the proof of Proposition 14.41 we see that the image of the compositions 
of the horizontal maps are generated by elements of valuation, respectively, and v< q E ^f > , so 

v(Eb) _j_ v(e a ) _ v(e^) required. □ 

q— 1 q q—1 n 

Taking the quotient over T>, we define, on points, the morphism 

p 2 :M(Hm r ,q){qw) -> M(Hm r )(w), 

Let %l(Hm r ,q)(w) be the base change, via pi, to 9Jl(Hzu r ,q)(w), of ^L(Hzu r )(w). We have that 
2l(iZra r , q)(w) is equipped with D, a subgroup of order q of its n7 r -torsion, that intersects trivially 
its canonical subgroup. The isogeny 

7r s : %{Hzu r ,q){qw) -> %(Hzu r , q){qw) /T> 

is defined over 9Jl(Hzu r ,q)(qw). Since 2l(iJnj r 1 q)(qw)/D is the base change, via f w ,qw ° p2, to 
DJl(H m r , q)(qw), of Qi(Hw r )(qw), we obtain, by Remark 16.201 and Lemma T6.181 a morphism 

~x . t) *nx _v *OX 
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Let us consider U, defined as the composition 

U°(m{Hvj r )(qw), Q* w ® v K) R°(m(Hw r )(w), ®y K) 
-> U°(Wl(Hm r , q)(qw), p|Q* <E> V K) % 

-> H°(ajt(ffn7 r ,flf)H,p;nx,(8iviiO ^4 tf^ff^jw,^ ®^^), 

where 7r"^ is the map induced by the trace, that is well defined since 7r" s is finite and flat. All 
the maps used to define U are G r -equivariant, so the same holds for U. Taking G r -invariants we 
obtain, from U, a map S D (K, w, K(H), x) -> S D {K, w, K{H), X ). 

Definition 7.6. Let x be an r-accessible character. The map 

U: S D (K,qw,K(H),x) -> S D (K,qw,K(H), X ) 

is defined as 1/q times the map induced by U. 

Proposition 7.7. The operator U is completely continuous. 

Proof. We claim that U is completely continuous. Since U factors through p r ^ w , it is enough to 
prove that p"^ w is completely continuous, and this can be done in exactly the same way as |Kas091 
Proposition 2.20]. The proposition follows. □ 

Remark 7.8. Let us suppose that r = 1. Let / be an element of S D (K, w, K(H), x). Take any test 
object T — (A/S, i, 9, a, Y, rf) as in Proposition ^. 281 Let 5" be a normal and tu-adically complete S- 
algebra such that Sk S' K is finite and etale and all finite and flat subgroup schemes of Ag k \tz\\ 
are defined over S' K . Repeating what we have done in the proof of Proposition [7T4J we see that any 
finite and flat subgroup scheme of As>,k t^ 7 ]?' 1 extends to a subgroup scheme of ^^[ro]^ 1 . Let T> 
be any such subgroup, and suppose that V intersects trivially the canonical subgroup of As' [^i' 1 - 
We have that T gives a test object ((As'/t2(T>))/S',i',9',a',Y',r]'). Indeed the only non trivial 
thing to define is rj'. Let i\,i2- Spf(5) — > Wl(Hza)(w) be the morphisms corresponding to A and 
A/t2{T>), respectively. In Remark 16.201 we showed that there is an isomorphism between the global 
sections of i\J-' and i\J~' . We define rj as the image of rj under this isomorphism. We have 

7\v(T) = lYl MAs'MV))/^, i', 9', a', Y', r,')). 

For various w's, the norms defined on S D (K, w, K(H), x) are compatible, so SP(K, K(H),x) is 
naturally a Frechet space, and we obtain a continuous operator U on it. 

Using the maps tt-q^ defined in Remark 16.381 we can work with families: for any integer r > 1, 
we obtain an operator 

U r : n r ,w{W r x mi{Hw r ){wY^) -> tt r , w (W r x m(Hm r )(w) Tis ), 

such that the pullback ( X , id)*(U r ), for X € W r (K), is the U operator defined above. Everything 
we did above can be repeated for families, in particular we have the U r operator and the following 

Proposition 7.9. For any integer r > 1 and any rational w < l/(q r ~ 2 (q + 1)) ; we have that 

is a Banach 0yy r (WV) -module that satisfies the property (Pr). Fur- 
thermore the U r operator is completely continuous. 
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Kassaei has proved a result of classicality for modular forms of level K{H) and integral weight 
k. Let / be in S (K,w, K(H), k) and suppose that f\\j = a I "> f° r some a £ K. If a satisfies 
v(a) < k — e/, then / is classical, i.e. it can be extended to a global section of w yi S - See 

|Kas091 Theorem 5.1]. 

Let X'- ®v ~~ * K* be a locally analytic character and let v £ R. Let V = Spm(i?) C W 
be an affmoid that contains \- Using the notations of [Bcl09j page 31], we have that H°(V x 
DJl(H)(w) rlg , Q, r:W )- 1 ' makes sense if V is sufficiently small. We have an isomorphism 

H°(V x M(H)(wY is , Sl r , w )^ u ® Ra K = S D (K, w, K(H), x )- v ■ 

In particular, we have the following 

Proposition 7.10. Let v be m R and let f be in S D (K,w,K(H),x)- v ■ Then there is an affmoid 
V C W such that f can be deformed to a family of modular forms over V. Furthermore, the 
XJ-operator acts with slope <v on this family. 

7.1. Other Hecke operators. We now sketch the definition of other Hecke operators. Let I ^ p 
be a rational prime. We write L\, . . . for the primes of F lying over I. Let C be C\. We assume 
that I splits in Q(vA), and that B is split at £. We denote the completion of F at £j with F^. 
We have 

G(Q,) £ Qr x GL 2 (F £ ) x GL 2 (F £ J x ••• x GL 2 (F £fc ). 

In this section we make the assumption that the compact open subgroup H is of the form 

H = Z ; * x GL 2 {0 Fc ) x H'. 

Let be a uniformizer of Of c ■ If A is an abelian scheme as above, we have a decomposition of 
A[n7;] similar to that of A[tu], so A^^' is defined and it has an action of ki := Of c /vji. 

Let x : O-p ~> K* be an r-accessible character. Let He be the set of invertible 2x2 matrices 
with left lower corner congruent to modulo mi. The Shimura curve corresponding to the case 
K-p = K(Hm r ) and H — Z* xHc x H' will be denoted with X. We have that X parametrizes 
objects of the moduli problem of M(Hm r ) plus a finite and flat subgroup of A^^' of order 
| ft; |, stable under the action of Op L - If I? is such a subgroup, we can define ^(-D) as in the 
case of subgroups of ^[zzj]^' 1 , and also the quotient of A by t 2 (D) can be defined as in |Kas041 
Section 4.4]. We can repeat everything we have done for the U operator. In particular we obtain 
pi,p 2 : X(w) —> DJl(Hm r )(w). Furthermore, we have a morphism %) : p^to ~~ ^ Pi&w- 

Definition 7.11. We define the operator 

T £ : S D (K,w,K(Hw r ), X ) S D (K, w, K(Hzu r ), x ) 

exactly as in the case of U (using |/t;| + 1 as normalization factor). 

Remark 7.12. Note that Tc is a continuous operator that it is not completely continuous. 

Also the operators Tc can be put in families. Furthermore, if x is accessible, we have a description 
of Tc in terms of testing objects similar to that of Remark 17.81 

Let r > 1 be an integer, and assume that < w is a rational number sufficiently small. Let 
Z r be the spectral variety associated to the U-operator acting on H (W r x )(ui) ng , Sl„ u ). We 
have proved that all assumptions needed to use the machine developed by Buzzard in |Buz07j are 
satisfied, so we have the following 
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Theorem 7.13. We have a rigid space C r C W r x A^ rlg equipped with a finite morphism C r — > Z r . 
If L is a finite extension of K , then the points of C r (L) correspond to systems of eigenvalues of 
modular forms with growth condition w and coefficients in L. If x € C r (L), let Ai{w) x be the set of 
modular forms corresponding to x. Then all the elements of M(w) x have weight tti(x) £ W(L) and 
the XJ-operator acts on A4(w) x with eigenvalue 7^(2;) . For various r and w, these construction 
are compatible. Letting r — > 00 we have w — > and we obtain the global eigencurve C C W x Aj/ lg . 
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